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ABSTRACT

Our aim is to extend existing results about differentiable rigidity of higher
rank abelian actions by automorphisms of a torus. Previous proofs have
required an assumption of semisimplicity, that is, that the action is by
commuting diagonalizable matrices. Here we introduce a technique that
utilizes the unipotent part of a non-semisimple action, which allows us
to discard the semisimplicity assumption. In its place we will make a
technical assumption that the spectrum of the action restricted to leaves
of the coarse Lyapunov decomposition is sufficiently narrow.

1. Introduction

In 1986, Zimmer conjectured that there should be local differentiable rigidity
for a large class of actions of higher rank Lie groups and lattices in these. This
initiated a program of study, with a series of results by Hurder, Katok, Lewis,
Zimmer, Spatzier, Goetze, Qian, and others. An early observation was that
many important actions, like that of SL(k,Z) on T*, contain an action of Z*,
k > 2, and that such abelian actions are themselves enough to imply rigidity.
This paper continues in that tradition, studying Anosov actions of Z* on the
torus T¢.
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A variety of techniques have been brought to bear on the problem of rigidity
of Anosov actions (or other actions with hyperbolic properties). Our paper will
focus on geometric techniques, studying geometric structures associated to an
Anosov action. This builds on the works of Katok and Lewis [KL91] and Katok
and Spatzier [KS97]. This is in contrast to the super-rigidity approaches of, e.g.,
Katok, Lewis, and Zimmer [KLZ96], Qian and Yue [QY98], or the recent KAM
method results of Damjanovic and Katok [DK04].

We recall the standard terminology that an action a: Z* — SL(d, Z) of Z* on
the d-dimensional torus T¢ by toral automorphism is Anosov if there is some
n € Z* such that a(n) is an Anosov diffeomorphism, i.e., that no eigenvalue of
a(n) has modulus one. Throughout this paper, we will hold fixed a generating
set of Z* of vectors ey, ..., er. An action 3: Z* — Diff**(T?) is C* close to « if
each 3(e;) is close to a(e;) in the C! topology. We say that 3 is conjugate to «
if there exists a homeomorphism ¢: T¢ — T? such that ¢oa(n)(p) = B(n)o¢(p)
for every p € T¢ and n € Z*. We say that action « is locally differentiably rigid
if every C™ action 3 which is sufficiently C* close to « is conjugate to a by a
C*> map ¢.

We say that « has a virtually cyclic factor « if there exists an a-invariant
proper subtorus Y C T¢ such that « is the induced action on T =~ T¢)Y,
d’ > 1, for which yom = 7 o a and 7(Z*) contains a cyclic subgroup of finite
index.

Our main result is the following:

THEOREM 1.1: Suppose « is an Anosov linear action of Z* on T% which has no
virtually cyclic factors. Assume that o has narrow spectrum within each coarse
Lyapunov leaf (see Section 3.5). Then « is locally differentiably rigid.

The assumption that there are no virtually cyclic factors is necessary to ensure
that we are in a genuinely higher rank situation. There is a profound difference
between rank 1 and higher rank actions. An action by Z cannot possibly be
rigid; the differential at a fixed point, for instance, is preserved under smooth
conjugacy but not under perturbation. This is just as true if there is any factor
of the action on which the action is essentially rank 1.

The assumption that « has narrow spectrum within a coarse Lyapunov leaf is
technical. It allows us to work with linear structures, like vector bundles, rather
than more complicated polynomial objects. We discuss this further in Section
3.5.
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2. Outline of methods

Our method proceeds by building up geometric information for both the linear
and perturbed actions. We have from structural stability a candidate conjugacy
¢ which is a priori only (Holder) continuous. We gain more information about
the smoothness of ¢ by producing matching geometric structures on the two
conjugated sides. For instance, the stable and unstable manifolds for an element
of the linear action will be conjugated to the stable and unstable manifolds for
the corresponding element of the perturbed action. This holds for intersections
of stable and unstable manifolds as well: the maximal such intersections form
what is known as the coarse Lyapunov decomposition (see Section 3.3).

We need to decompose further than this to identify the geometric structures
which come from the shearing from non-semisimple linear parts of the action.
We introduce the notion of logarithmic directions which allow us to identify
what we call the finer dynamical filtration. This is a refinement of the coarse
Lyapunov decomposition on the leaves of which we can isolate isometric behavior
of the action.

We build up smoothness of ¢ on this filtration using a number of tools. The
first of these is the nonstationary normal forms theory which allows us to lin-
earize the perturbed action in a certain family of coordinates. The natural
statement of this theory is within a certain bundle structure, which we describe
in Section 3.4. The next step is to study the closure of the orbit of a point
chosen near a fixed point of the action. This orbit closure step shows that a
certain functional equation for the Z* actions actually implies a similar func-
tional equation for R actions. This gives smoothness of the conjugacy along
a family of curves. Using elliptic operator theory, the smoothness of ¢ along
leaves of a sufficient family of foliations implies smoothness of the restriction of
¢ on the foliated manifold. This argument is presented in Section 5. Finally, we
show how these steps can be applied inductively to show that smoothness of ¢
along the coarse Lyapunov foliations can be built up inductively from one level
of the dynamical filtration to the next. This induction is carried out in Section
6, where we also use elliptic operator theory to conclude smoothness of ¢.
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3. Preliminaries

3.1. STRUCTURAL STABILITY. A diffeomorphism T (or Z* action «) is said
to be structurally stable if whenever another diffeomorphism S is sufficiently
C* close to T (or Z* action § is sufficiently C! close to ) then there exists a
homeomorphism ¢ such that S = ¢oTo¢~! (or B = poaocp™!). The structural
stability of an Anosov diffeomorphism is a classical result, due to Anosov. It is
furthermore true (see, e.g., [KH95]) that there is a unique such ¢ close to the
identity in the C° topology.

As is known this quickly implies structural stability for the « action. To
see this, fix some n such that T' = o is Anosov, and let 3 be a perturbation
of o which is sufficiently small in the C' topology. Let ¢ be the conjugacy
such that a™ o ¢ = ¢ o ™. Then for a generator (3%, the conjugate image
¢ o 3% o ¢~ commutes with o™ and is close to @ in the C° topology. There-
fore, ™% o ¢ o 3% o ¢! also commutes with o and is close to the identity in
the C° topology; by the above-mentioned uniqueness of conjugacies this home-
omorphism must be the identity. This implies that ¢ o 3% o ¢~1 = a% for
all j. Thus the same conjugacy works for the entire action, so the action is
structurally stable.

3.2. REDUCTION TO THE RANK TwoO CASE. Virtually cyclic factors for a
have also been called rank one factors [KS97] and the assumption that there are
none has several equivalent formulations.

PROPOSITION 3.1: Let a be a Z*-action by automorphisms of T¢. Then the
following are equivalent.

(1) « has no virtually cyclic factors.

(2) For every common eigenvector v of the linear action associated to « there
exists a subgroup of Z* isomorphic to 7?2 such that the eigenvalue to v is
not equal to one for any nontrivial element of the subgroup.

(3) There exists a subgroup of Z* isomorphic to 7Z? such that any non-trivial
element of the subgroup acts ergodically on T with respect to the Haar

measure.

Although this is known, see [Sta99], we give the short proof for the sake of
completeness.

Proof:  Suppose (2) does not hold. Then there exists a common eigenvector
v € R? and linearly independent elements ni, ..., n,_; € Z* such that a™v = v
for all i. Since the linear maps a® for n € Z* commute, we can split R? into
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finitely many generalized eigenspaces and furthermore simultaneously triangu-
late these matrices within the eigenspaces (where we allow for two-by-two blocks
on the diagonal to accommodate complex eigenvalues). Since v is in the com-
mon kernel of o™ —1Id for ¢ = 1,...,k — 1, within at least one of the generalized
eigenspaces the diagonal entries of these matrices are zero. It then follows that
the images of the maps o™ — Id for ¢ = 1,...,k — 1 span a proper rational
subspace V' C R?. Clearly V defines a proper a-invariant subtorus Y of T¢, and
« induces an action v on T¢/Y. However, then 4™ acts trivially and so 7 is a
virtually cyclic factor of a, i.e., (1) does not hold.

Assume now (2) holds. For every eigenvector v we define
A, = {n € Z* : the cigenvalue of o™ for v equals one}.

Then by assumption this subgroup has dimension less than or equal to k — 2
for every v. It is easy to pick a subgroup of Z* isomorphic to Z? that intersects
any A, trivially. Since an automorphism of a torus acts ergodically if and only
if no eigenvalue is a root of unity, it follows that this subgroup satisfies (3).

It is clear that (3) implies the same for any factor of T%, so that there can be
no virtually cyclic factors. |

COROLLARY 3.2: Let a be a Z*-action by automorphisms of T without virtu-
ally cyclic factors. Then there exists a Z2-subaction that also has no virtually
cyclic factors. For a non-identity element of that subaction, no eigenvalue to a

common eigenvector is a root of unity.

In the remainder of the paper we will work with a ZZsubaction as in the
above corollary.

3.3. COARSE LyApUNOV DECOMPOSITION. This is just as in [KS97]. Let «
denote the linear Z2 action on R? as well as the original action on T?. Let 3 be a
perturbation sufficiently C! close such that ¢ as in Section 3.1 exists (one more
restriction of the closeness of the perturbation will be given when we discuss
the narrow spectrum assumption in Section 3.5). For any common (generalized)
eigendirection x € R? of o we define y.(n) to be the logarithm of the absolute
value of the eigenvalue of o™ for x. Clearly x,: Z2? — R extends to a linear
functional on R? — the Lyapunov weight. Let V, C R? be the Lyapunov sub-
space that is generated by all generalized eigenspaces that give rise to the same
Lyapunov weight . For the corresponding half-space H = {v € R?|x(v) < 0}
bounded by a Lyapunov hyperplane 9, we associate the foliation V,; consisting
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of the intersections of stable manifolds for all elements of the action in that half-
space. Alternatively, V;; is the foliation {z + &, Vi |z € T} where the sum is
over weights x’ which are positively proportional to y. This is a foliation with
smooth leaves, which is conjugate under ¢ to a foliation W, consisting of the
intersections of stable manifolds for the corresponding elements of the 3 action.
The stable manifolds are smooth immersed submanifolds; consequently, these

foliations will have leaves which are immersed copies of R¥ for some dimension
k.

Example 3.3: Let

110 0 201 0
21 0 0 02 0 1
Ci=1lg g1 1| ad =35 ¢ 5 o
00 2 1 03 0 2

then both define automorphisms of T4. One can check that C1Cy = C>C}, so
that they define a Z 2 action v on T* by automorphisms. It is easy to check that
the eigenvalues for common eigenvectors to C'y and Cs are precisely

(1+v2,24+V3),1+v2,2-v3),(1 —v2,2 - V3),(1 - 2,2+ V3).

Note that in this list every pair consists of multiplicatively independent numbers.
By Proposition 3.1, v has no virtually cyclic factors.

With this we can give an example of a non-semi-simple Z?action that has no
virtually cyclic factors. Define

C: Id C
A1< ! Cl> and A2< 2 CQ>

It is clear that the eigenvalues of A;, Ao are the same as for Cp,C5, and it is
easy to check that A; Ay = AyA;. Therefore, A;, Ay define a Z%action a by
hyperbolic automorphisms of T8. Again by Proposition 3.1, @ has no virtually
cyclic factors.

Let E C R* be a common eigenspace of C; and Cy, say for the eigenvalues
(142,24 v/3). Then E is one-dimensional; let e € F be a generator. Then
k = Ex E C R® is a generalized common eigenspace for A; and A, and the
eigenvalues (1 + /2,2 + v/3). Define the basis v; = (e, 0) and v = (0,e); then
in this basis the two linear maps are

1+v2 1
Alln—(+\/_

B (243
1+\/§) and A2|H—(

2+\/§)'
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Figure 1. The halfspace H is bounded by the kernel of a Lyapunov
weight. The kernel of the non-proportional weights is also shown.

As v is a common eigenvector of A; and As, there is an associated Lyapunov
weight x,, that maps n = (n1,n2) to the log of the eigenvalue of AT* A3? for vy,
namely n; log(1 4+ v/2) +n2log(2 +v/3). The other Lyapunov weights map n to
+n4 log(1++/2)++ns log(2++/3) with the four choice of plus or minus giving the
four different weights. The kernel of x,, divides the plane into two halfspaces,
one on which v; is expanded by each element of the a action and one on which
it is contracted by each element. This kernel coincides with the kernel of the
Lyapunov weight that is negatively proportional to x,,. Let H be the halfspace
on which x,, is negative (Figure 1). The coarse Lyapunov foliation V}; is the
intersection of the stable foliations of each o™ with n € H. This corresponds
to the intersection of generalized eigenspaces for A7 AL for eigenvalues whose
magnitude is less than 1, or equivalently, for Lyapunov weights with x’(n) < 0.
The Lyapunov weights not proportional to x,, are positive for some n € ‘H and
negative for others, while the weight negatively proportional to x,, is always
positive for n in H. Thus the subspace of R® corresponding to the coarse
Lyapunov foliation V;; of T® is .

3.4. E-BUNDLES. The natural setting for the nonstationary subresonance nor-
mal form theory developed by Guysinsky and Katok ([GK98, Guy02]) is that
of maps on a bundle over the base manifold. It will be useful for us to work
within this same structure. One family of bundles we are particularly interested
in comes directly from foliations of the manifold. Given a foliation V' of a mani-
fold M with smooth leaves V (x) which are immersed copies of R¥, consider the
tangent bundle to V as a bundle V over M with fibers that are copies of R¥.
For a fixed Riemannian metric on M we induce a Riemannian metric on each
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leaf V(p). Let exp,: V(p) — V(p) be the exponential map with respect to this
induced metric. Then a map f: M — M which maps leaves of V' to leaves of V/
lifts naturally to a map defined on a neighborhood of the zero section of V by
f(p, x) = (f(p), exp;(;) o foexp,(z)). Such a bundle V has additional structure.
The exponential map from a fiber V() to leaf V(x), composed with the inverse
of the exponential map at a nearby point y € V(z), gives a smooth map from a
neighborhood of zero in V(z) to V(y). This is the motivating example of what
we will call an e-bundle, though we will prefer to work with the full fiber rather
than a neighborhood of zero. We will discuss this example further in 3.5 and
4.2.

Definition 3.4 (e-bundle): An e-bundle over the foliation V' of a manifold M
is a vector bundle B over M together with smooth maps ©y,: B(p) — B(q)
for every pair of points p and ¢ in the same leaf of V (Figure 2) satisfying (i)
Ouq © Ogp = O,y whenever p, ¢, and u are in the same leaf and (ii) ©,, = Id
for every p.

Note that we do not require the bundle fibers to be identified with the leaves
of the foliation; in our main argument this will not be the case. We will need
to take an e-bundle which arises from a foliation and consider both sub-bundles
and quotients of this e-bundle. See Section 4.2-4.3.

Figure 2. The map O, maps from one fiber of the e-bundle to another fiber.

Definition 3.5 (e-bundle homomorphism): Suppose B; is an e-bundle over a
foliation V; of M;, i = 1,2. A continuous map ¢: By — By is an e-bundle
homomorphism if it maps fibers of B; into fibers of By, maps the zero section of
Bj into the zero section of Bs, maps leaves of V; into leaves of V5 (where M; is
identified with the zero section of B;), and satisfies for all p and ¢ in the same
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leaf of V7 that

Bs _ B
(3.1) ®¢(q)¢(p) © ¢|B1(;v) - ¢|31(Q) °© 611:01'

We say that ¢ is smooth if the restriction to every fiber ¢|p, () is smooth;
similarly we say ¢ is linear if every restriction to a fiber is a linear map.

3.5. NONSTATIONARY NORMAL FORMS. Let o be a ZZ%action by automor-
phisms of a torus T¢, and let 3 be a smooth perturbation sufficiently close to
a. Let V', and W, be as in Section 3.3. For an element o™, n € H, the space
W, is contracted. For a sufficiently small (in the C! topology) perturbation
of the « action, the perturbation § satisfies the conditions of Theorem 1.2 of
[GK98]. This guarantees that there is a family of local coordinate systems in
the leaves of W, (), depending continuously on z, in which §" is given by a
subresonance polynomial map.

Definition 3.6 (narrow spectrum): We say that F' has narrow spectrum if there
exists A larger than the spectral radius of F' and p larger than the spectral
radius of F~1 with A2 < 1 (see Figure 3).

For the proof of the main theorem, we assume that the entire spectrum of
both o™ on Wy, and the perturbation 8™ on Wy, satisfies this narrow spectrum
assumption. This property for the spectrum of ™ is inherited from the corre-
sponding property for o™ provided that 8™ is a small enough perturbation in the
C! topology (see [Pes04, Theorem 3.4]). The narrow spectrum assumption tells
us, in the terminology of [GK98], that there are no nontrivial subresonance re-
lations, which implies that in the normal form coordinates the map (™ is linear.
Furthermore, the entire 8 action is by linear maps in these coordinates ([GK98|
Theorem 1.3) and the coordinates vary smoothly in the leaves of W, ( [GK98]
Theorem 2.1) while only continuously in the whole of T?. (Below we will use
the e-bundle terminology to give a notation for these normal form coordinates.)

The condition of no integer resonances for the (restricted to a Coarse Lya-
punov leaf) linear part of the o action implies that there are no actual resonances
for the spectrum of a sufficiently small perturbation of the action. This presum-
ably implies that the nonstationary normal form could be linearized, though
this version of the theory has not been published. Thus we believe it would
be sufficient to assume for the o action that among a set of positively pro-
portional Lyapunov weights, no weight is a positive integer combination of the
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other weights.

0 A2 opt A
spec(f3)

Figure 3. The Mather spectrum of 3" restricted to Wy, is assumed
to be narrow.

Clearly, for the linear action o on T? the bundle ‘77; over the foliation Vj;
is an e-bundle. Furthermore, since a preserves the foliation V; we can lift «
trivially to & which defines an action by linear e-bundle homomorphisms on f/?; .

We now construct an e-bundle VVQ and extend [ to an action B of linear
e-bundle homomorphisms of VVQ . The bundle Wﬁ is the tangent bundle to the
foliation W, ; we need to define the maps ©,, for any two points p, g in the same
Wy, -leaf. Let e, be the composition of the exponential map exp,, from fibers of
Wy, with the coordinate change map given by the nonstationary normal forms
theory: e, is defined and smooth on a neighborhood of 0 € V~V7; (p). Moreover,
the resulting map e(p, x) = e,(x) defined on a neighborhood of the zero section
of the bundle is continuous (by the continuity of the normal form coordinates).
As we discussed above, we can define the lift of § on the neighborhood of the
zero section by conjugation with the exponential map; in the new coordinates
this is

(3.2) B(p,x) = (87D, €zn, (8™ (ep(@)))).

Then this 3 action is linear in the fibers where defined (this is the point of the
non-stationary normal forms theory). We extend it by linearity to be defined
on the whole bundle. Note that the resulting action, which we still denote B, is
still an action. Also, since 3 is continuous and e(p,-) is injective for any fixed
p it follows easily that B is also continuous, i.e., the linear map in the local
coordinates depends continuously on the base point.

PROPOSITION 3.7: There is an extension of e, to an immersion of Wﬁ (p) onto
Wi (p). Tog:ether these define a continuous map e: Wg — T¢ that satisfies
P oe=eo [

Proof:  We use (3.2) to define e. That is, given a point p € T¢ and an = €
V(p), choose an n € H such that B“(p,z) is in the domain of definition of
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egn(p) = €(B",-). We define e(p,z) = B‘ne(ﬁn(p, x)). This coincides with the
old definition of e, when both are defined, as in this case e (p,-) = eg&poﬁn oeyp.
This also shows that the definition does not depend on n. Continuity of e follows
from continuity of the coordinates in the normal form theory. |

COROLLARY 3.8: The bundle VVQ can be given the structure of an e-bundle,
where O4, = eq’l oe, for p,q € T¢ within the same W, -leaf. Furthermore, the
map ¢ lifts to an e-bundle isomorphism ¢(p, z) = (H(p), e;(lp) (¢(p+))) between
‘77; and Wﬁ which conjugates & to 8.

Proof: As indicated in Section 3.4 the map ©,, defined in the corollary gives
Wﬁ the structure of an e-bundle. The continuity of QE and qg_l in a neighborhood
of the zero section follows from the continuity of ey(,) and the fact that the
coordinates of the nonstationary normal forms depend continuously on the base
point. However, then by (3.2) ¢ must be a homeomorphism. Finally, (3.1)
follows from the definitions

Oo(s() © PP 7) = Op(g)o(n) (D), €5y (A0 + 7))
= (#(q), e;(lq) (o(p +2))
= (¢(q), e;(lq) (¢(q +w + 1))
= ¢(q,w + ) = g0 Oyy(p, z).

Here w is such that p = ¢ + w and is uniquely determined by the requirement
that it belongs to the linear subspace that defines V. |

4. Logarithmic sequences

4.1. LOGARITHMIC SEQUENCES FOR «. We will be interested in studying
closely the behavior of the actions near a fixed point for a finite index subaction;
this study will also be restricted to leaves of the coarse Lyapunov foliation. This
leads to a study of the following construction for the linear action a.

Consider a leaf of V), through a fixed point of the a action. This is an
immersed copy of R where dy = dim(V};). Denote the restricted action of
« on this R% as as. This is a linear action generated by commuting matrices.

Suppose ozlf{ is a contracting matrix. The behavior of the action as we move
parallel to the boundary 0H of the half-space will in general involve shearing
which takes place at a polynomial rate. By composing these shearing maps with
an appropriate power of the contracting matrix alfi we can reduce the maximal
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entry of the matrix to size approximately one. More precisely, the maximal entry
can be forced to have size less than one, but such that when oz;[k is applied the
maximal entry has size larger than one; thus such matrices belong to a compact
family that does not contain the zero matrix. As the contraction takes place at
exponential speed while the shearing is at a polynomial speed, the appropriate
power of the contraction is like the logarithm of the distance along 0H. We
call such a sequence of elements of the ay; action a logarithmic sequence if the
matrices converge to a nonzero matrix with nontrivial kernel. The discussion
above shows the existence of a convergent sequence of elements with nonzero
limit. The kernel will be nontrivial unless there is no shearing, in which case
the sequence remains within a bounded distance of OH.

Suppose that o3 is a logarithmic sequence for the oy action. Let A be the
limit of the logarithmic sequence. Note that A commutes with a4y, so the kernel
of A is a subspace which is invariant under the a; action. Then we can restrict
the ay action to the kernel of A and obtain another action which either has no
shearing or itself possesses a logarithmic sequence. In this way we produce a
filtration which we will call the logarithmic filtration of the linear space R,

KQCIﬁC"'CIi@ZRdH,

where on kg there is no shearing along the OH direction and each x; is the
kernel of the limit A;; of the logarithmic sequence for the action restricted to
Kj+1-

/_U’\

Figure 4. The map U, will in general have polynomial shearing.

It will be useful to us to understand the shearing along 9H using a unipotent
matrix U®. Let Uy = diag(as}) a5 and U, = diag(as?) tay?, where diag(-)
denotes the semisimple part of the matrix in question. These are commuting
unipotent matrices and can be simultaneously put into upper-triangular form.
Take a nonzero ¢ = (b1,b2) € OH (which is not necessarily in Z?) and define
the unipotent matrix for the critical direction (see Figure 4)

U® =Ui'Us? = exp(c1 log Uy + c2 log Us),
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where the matrix logs are defined since U; are unipotent. Similarly, we can
define U™ for any m € R?.

LEMMA 4.1: The eigenspace of U€ is equal to kg. Furthermore, the image of
A; is contained in kg for any j =1,2,...,¢.

The above construction and the proof of the lemma below will be made more
clear by considering first some examples.

Example 4.2:  For the matrices A|, and Az, in Example 3.3, we get

Ulz(l 1) and UQZId.

Taking ¢ = (1, —log(1 + v/2)/log(2 4+ v/3)), we obtain U® = U;. Then

v =4V (7).
so to control the size of the largest entry of this matrix, we want to have
s(2 +v3)! ~ 1. This curve of real s and ¢ where this holds exactly is
t = —log(s)/log(2 +v/3). For (s,t) within a bounded distance of this curve,
5(2 +v/3)! is within a bounded distance of 1. A logarithmic sequence consists
of lattice points n = (n1,n2) € Z? which approximate the curve sb + tes to
within bounded distance, and for which A7"|,A5?|,; converge. The limiting ma-
trix will be A = (O a), where a is positive. The kernel of A is k¢ and the

0 0
two-dimensional k is x1.

Example 4.3: Suppose now that
1 0
1

1
0
c_
Ut = 1

_ o = O

Then kg = R? x{0}? C R* = V;;. Note that from U*® alone we cannot determine
1. With this U®, for o, = (2— v3)1Id we get k1 = R* as in the example above,

while if
243 1
ok — 2-3
H 2-3 1
23

then a similar consideration shows k1 = R® x {0} and ko = R*.

Proof of Lemma 4.1: Let m = (my, m2) be an element of H, so ¢ and m give
another basis for R?. If n = sc + tm € Z? is within bounded distance of OH
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then of, = diag o, U™ U*C is, up to the power of U, from a compact family
of maps. This shows that an element v is in the eigenspace of U€ if and only
if af,v stays bounded as n — oo along OH. For if v is in the eigenspace then
U®v = v, and if v is not in the eigenspace then U®°v grows polynomially with
s. This shows the first claim.

Now suppose o} — A; is a logarithmic sequence on one of the subspaces r;
defined above. We restrict our linear maps to x; and without loss of generality
assume that we have chosen a basis such that the matrices are of block form
where each block corresponds to a particular (complex pair of) eigenvalue(s) and
the matrices are upper triangular. In each such block we also use an extension
of a basis of kg to the whole subspace, so that the first rows in every block
correspond to kg. Notice that an entry of the matrix U*¢ is some polynomial
function p(s) of s where the maximal degree that appears equals the dimension
of the maximal Jordan block minus one and that in each block the maximal
degree only appears in the rows corresponding to xg. Then an entry of ajy
is some combination of the polynomials p(s;) which converges as i — oo. In
fact, the diagonal part of aj; will multiply any entry of U*® by some scalar
whose absolute value depends exponentially on ¢;, and when we multiply by the
unipotent matrix U™ we will possibly produce combinations of various entries
of U*¢ including a term independent of s for each matrix entry. However, note
that after taking these combinations the highest degree term (as a polynomial
of s) in each block still only appears in the rows corresponding to ko. When
we choose n; in the logarithmic sequence, we need to make sure that these
highest order terms are made smaller than one, i.e., t; needs to be at least so
big that [A|*]s;|® < 1 where e is the maximal degree in the block and A is the
corresponding eigenvalue, i.e., ¢; has a logarithmic lower bound. (To justify that
statement one also needs to show that there cannot be cancellation between the
various terms that contribute to a matrix entry. This follows also from the

t;

argument below: If |\ sz-|eJr1 < 1 then all terms go to zero. So t; also has

a logarithmic upper bound and all of its powers are negligible in comparison
to s.) This shows that in all other rows where the degree in s; is smaller, we
have expressions which are bounded by |A|1]s;|¢ ¢ < |A|+%t? where d is the
dimension of V. Therefore, these terms go to zero along logarithmic sequences
and it follows that the limit A; along the logarithmic sequences has its values

also in kg. |

4.2. E-BUNDLES f(j AND ij. For every r; in the logarithmic filtration we
define K = T¢ x k; C 177; . Clearly this gives an e-bundle over the foliation
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K; induced by k;. By construction, K; and K ; are invariant under o and &
respectively.

We say a sequence (p;, x;) in V~V7; converges to the zero section if it is bounded
and all accumulation points lie in the zero section T¢ x {0}. Then we define

Li={(p,z) € ng“ (p, x) converges to the zero section}.

Here n; is the logarithmic sequence that defined «; as in Section 4.1.
The following is the first of the promised matching statements; we show using
the logarithmic sequences that QNS conjugates K ;j to another e-bundle Ej.

PROPOSITION 4.4: The e-bundle structure ofWﬁ induces the e-bundle L; over
the foliation L; = e(L;) = ¢p(K;) for j =0, ..., L. Moreover, $(K;) = L;.

Proof: Since 3 is linear on the fibers of W, it follows that L;(p) is a vector
space for every p € TY, i.e., Ej is a bundle. Moreover, induction on j shows
that gzNS(I%]) = Ej — because Ej is defined by a topological property and ¢
is a homeomorphism. To know that Ej is an e-bundle we also need to define
and check compatibility with the foliation L;. Since 8™ (e(p,x)) = e(B“(p, x))
the fiber Ej (p) is mapped to precisely those points in Lj;q(p) whose orbits
are asymptotic to the orbit of p along n;. Since this is again a topological
characterization, it follows that e,(L;(p)) = ¢(K;(p)) for p € T — this defines
the foliation L;.

To see that E] is an e-bundle over L; it remains to show that for two points
#(p), #(q) € T? in the same Lj-leaf the map ®¢(q)¢(p) maps L;(p) to Lj(q).
However, qﬁ is an isomorphism between V and W and since K is an e-bundle,
the same is true for LJ. |

4.3. QUOTIENT E-BUNDLES Kj41/K; AND L;11/L;. We need to define the
quotient bundles Kj1/K; and L;1/L;, which will appear in the proof of the
main result.

First note that for each p € T¢, IN(j (p) = {p} x K, is a subspace of I~(j+1(p) =
{p} X Kjt1, so that the quotient K, 1(p)/K;(p) = {p} X (kj11/r;) is defined.
We just need to check that this quotient structure is respected by the change-
of-coordinate ©® maps. For p and q in the same leaf of Kj+1, the lifts p and q of
these points to R? can be arranged to lie in the same coset of kj11. The map
®pq”1 maps (¢, z) to (p,z + G —p). Thus @,,q“l maps cosets of x; in Kj41(q)
to themselves. From this, we see that

OKi+1/K; ([2]) = [0+ ()]



362 M. EINSIEDLER AND T. FISHER Isr. J. Math.

produces a well-defined map for each p and ¢ in the same leaf of K, 1. The
properties that
@ﬁgﬂ/kj o @]ﬁjﬂ/k' = @%H/f(j

and that
Ry )R _
K /K = 1d

follow from the corresponding properties for the ©® maps of K 1
Again we are able to match the above e-bundle K i1/ K ; with another.

PRrRoOPOSITION 4.5: The above defines an e-bundle Rj+1/Kj over the foliation
K 1. Similarly, there exists an e-bundle ZjJrl/Ej over the foliation L; 1 with
fibers Lj11(p)/L;(p) for every p € T¢. For every (p,z) € K; 1 we have

(4.1) o((p,z) + K;j(p)) = d(p. ) + L;(4(p).

Proof: The cosets of K;(p) inside of K;41(p) can be identified as the equiv-
alence classes under the following equivalence relation: (p,z) and (p,y) are
equivalent if the distance between a™i(p,x) and &™ (p,y) goes to zero when
o™ is a logarithmic sequence for the action restricted to K j+1. The cosets of
L;j(¢(p)) inside of L;1(¢(p)) can be identified in the same way. Since ¢ is a
homeomorphism and the orbits in question are bounded, equation (4.1) follows.
Since K it1/ K ; is an e-bundle and é is an isomorphism, the proposition follows.
|

5. Orbit closure arguments

The following propositions lie at the heart of our geometric method. Proposi-
tion 5.6 shows us that a conjugacy equation at a fixed point gives a very special
form for the conjugacy map along certain curves. These curves arise as orbit
closures from isometric directions of the higher rank linear action. Proposition
5.9 shows that from this information at a dense set of points we can deduce
smoothness at every point. For this to work we will need to know that the
uniform limit of a sequence of smooth functions within a certain class is again
smooth — we will consider sums of products of polynomials and exponential
functions and need to develop some elementary properties for that class.

In order to be able to apply these arguments inductively, as we need to build
up smoothness along the filtration K;, the propositions must be stated in enough
generality to describe maps of K or kiJrl / K;. This is the reason for using the
e-bundle terminology.



Vol. 157, 2007 DIFFERENTIABLE RIGIDITY 363

In what follows, we will use standard multi-index notation. For A = (A1, A2)
a tuple of nonzero complex numbers and k = (k1, k2) a tuple of real numbers,
AR = ATTAR2.

Definition 5.1: A polynomial sum of exponentials (PSE) is a sum

pP(n) =>_ prn)A",
AEE
where F is a finite subset of (C \ {0})? and p*(n) € C[ni,ns] is a nonzero
polynomial for all A € E. We refer to A as the base and to p*(n) as the
polynomial coefficient (for \).

Definition 5.2: A PSE-function p* (t) for some finite set F' of complex numbers
is a sum
P = 3 pnert,
neEF
where p#(t) € C[t] \ {0} for pn € F.

The way that polynomial sums of exponentials will naturally arise is the
following.

LEMMA 5.3: Suppose f: Z? — GL(k, R) is a homomorphism. Then in any basis
the entries of the matrix f(n) are PSE’s.

Proof: Consider a basis in which the generators A = f(eg) and B = f(eq1)
are simultaneously upper-triangular. Then A" = diag(A4)"(diag(A)~*A)". The
unipotent matrix diag(A)~!A raised the power n has entries which are polyno-
mial in n, while the entries of diag(A)™ are \™ for the different eigenvalues A.
Thus the entries of A™ are PSE’s, as are those of B™. The product of these has
entries which are PSE’s in n = (n,m). Conjugating by fixed change-of-basis
matrix, the result still has entries which are PSE’s. |

Note that the difference operator Ay ) defined

E
p"(n+k
D) () = 2B )
maps a PSE to a PSE (where we allow the zero function). Similarly, the differ-

ence operator
F
pr(t+s)
Asu(P)(t) = BT - (1)
maps a PSE-function to a PSE-function.
We will call the sum of the total degrees of p* for A € E plus the cardinality

of E the degree of p¥(n).
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LEMMA 5.4: The degree of a PSE p¥(n) is the smallest number d such that
there exist \1,...,\q so that for all ky, ..., kg

(5.1) Ak 000 gy p, (p7) = 0.

Similarly, the degree of a PSE-function p*'(t) is the smallest number d such that
there exist u, ..., g so that for all s1,...,sq

(5.2) Agy iy 000D, (pF) = 0.

Furthermore, if a function f: R — C satisfies

(5.3) Asywy 00 Bsyp, (f) =0,
for every si,...,sq € R and some pi}, ..., ul;, then f = p¥ is a PSE-function.
Here p is allowed to depend on s; for i =1,...,d, and the numbers p for i =

1,...,d determine the real parts of the elements of F, i.e., if F = {p1,..., e},
then {Re(u1),...,Re(ue)} € {Re(ph), -, Re(ul)}-

Proof: Consider a term p*(n)A™ in the sum for p¥(n). Note that

p(n + k)\ntk

A (P (n)A™) = K

—pM(m)A"

either decreases the total degree of p* by one or sends that term to zero (decreas-
ing the cardinality of E by one), depending on whether or not p* has k-degree
greater than zero. For A\g # A, Ay x(p*° (n)A}) has the same degree as p*° (n) AR,
Thus the elements of E listed with multiplicity (according to the total degree
of p*¢ plus one) give a minimal list. The PSE-function case is similar.

For the second statement, consider first the case d = 1. Then Ay ,f = 0.
Then f(t+n) = f(t)e’™ for all t € R and n € Z. By dividing by e** we can
assume that p = 0. This is equivalent to f(¢) being periodic, i.e., f(t+n) = f(t)
forallt € R and n € Z. Now let s; be irrational; then by the assumption of the
lemma there exists some p such that Ay, s (f) = 0. Therefore, f(t+n+msi) =
f(t)e“ll’” for all t € R and m,n € Z. If f(0) = 0 then by continuity of f and
density of Z + Zs; we get f = 0. So we can assume without loss of generality
that f(0) = 1. Therefore for all n,m € Z,

f(t+n+ms) = f(t+n)e" ™ = f(t)f(ms1) = F()f(n +msy).

Since Z + Zs; is dense in R and f is continuous, this shows that f: R — C is a
periodic continuous character from R to {z € C : |z| = 1}, i.e., f(t) = e for
all ¢ € R and some fixed p; € 277Z. This shows the lemma in this case.
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Suppose now f satisfies (5.3) with d > 1. By induction A; ,(f) = pF
for some PSE-function p® (and the real parts of the elements of F’ are
determined). Then one easily finds a PSE-function ¢ with ALMqF/ = pt”
and so Ay ,(f — qFl) = 0. As before we can assume p = 0 and work with peri-
odic functions. We claim that g(t) = (f — ¢% )(t) is a sum of characters, and in
particular a PSE-function. This will imply the lemma. Now let s; be irrational;
then by the assumption of the lemma and the inductive assumption there exists
some iy such that Ay, v (f) is a PSE-function. This shows that Ay, v (g) = h
is a periodic PSE-function, i.e., all polynomial coefficients of h are constants,
and h is a sum of periodic characters. There exists a PSE-function hg with

Asl,u/l (hO) = h7
g(t+51) — g(t)e" = ho(t + s1) — ho(t)e*t for all ¢t € R,
gt +ns1) — g(£)e"™ = ho(t + nsy) — ho(t)e"™ for allt € R,n € Z.

Due to periodicity, g and therefore also hg are bounded. This shows that the
polynomial coefficients of hy are constants, and therefore hg is a sum of multiples
of periodic characters (with the same characters as for h). Now we can consider
g =g—ho=f—q" — ho which satisfies A10(9") = A,y (g') = 0. However,
we have already shown above that this implies that ¢’ is itself also a multiple of
a periodic character. Thus g = ¢’ — hg is a PSE-function. |

Suppose S C R? is a subspace. Say that S is a rational subspace if S is
spanned by vectors which have rational coordinates in the standard basis of R?.

Definition 5.5: Suppose f: Z? — G is a homomorphism to a Lie group G. We
say that f is isometric on a subspace S if {f(n)|[ln — S|| < 1} has compact

closure.

If G = GL(k, R), this is equivalent to saying that the magnitude of all eigen-
values of f(n;) goes to one whenever n; € Z? satisfy |n; — S|| — 0 and there is
no shearing along S.

PROPOSITION 5.6: Suppose f: Z? — GL(k,R) is isometric along the subspace
S C R2?. Suppose there is some mq € Z? such that all eigenvalues of f(my)
have norm less than one, and suppose no eigenvalues of f(n) are roots of unity
except for n = 0. Furthermore, let 1: R*¥ — R be continuous and satisfy

Y (f(n)x) = py (n)

for some PSE pE. Then there exists an invertible matrix M € gl(k,R) and a
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PSE-function pE (t) such that
(5.4) Y(exp(tM)x) = pL (t) for allt € R.

The matrix M only depends on the homomorphism f restricted to any fi-
nite index subgroup, and furthermore a uniform bound on the absolute values
[log A1, | log Ae| for all A € E gives a bound on |Re(u)| for p € F.

LEMMA 5.7: If a PSE p”(n) is bounded along a subspace S C R?, i.e.,

sup  [pP(n)| <oo forallr >0,
n:dist(n,S)<r

then for A\ € E with p*(n) # 0 we have
(5.5) (log[A1],log [Az]) L .

Moreover, if we write n = sb + tmg for some fixed b € S — {0} and mg ¢ S,
then p*(sb + tmyg) only depends on t.

Proof: For a function of the form
p¥(n) = p*(n)A*

this is trivial. For a more general PSE it follows by applying the difference
operator Ay » and the observation that Ax x(p¥) is bounded along S if p¥ is.
|

Proof of Proposition 5.6: Let H be the closure of f(Z?) in GL(k,R), and let b
be its Lie algebra. We claim there exists an invertible M € §.

Suppose S is irrational. Since f is isometric along S and every translate of
S has lattice points arbitrarily close to it, it follows that b is nontrivial. Let
M € b — {0} be such that exp(M) = f(my) with m; in the same halfspace
as the mg in the assumption. Then since no vector in R* can be fixed under
f(m;) = exp(M) by our assumptions on f, it follows that M is invertible.
Similarly, if S is rational and b € S N Z* — {0} then f(bZ) is an infinite
subgroup of a compact group and so h is nontrivial. Let M € h be such that
exp(M) = f(by) for some b; € SN Z2\ {0}. Since no root of unity is an
eigenvalue of f(by), zero cannot be an eigenvalue of M, so M is invertible.

If we had the same homomorphism f restricted to a finite index subgroup of
72, the Lie algebra h would be the same. Thus we could choose the same M in
that case.
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The cases of rational and irrational S are slightly different with the rational
case being slightly easier: If S is rational, we can work just with the subaction
corresponding to Zb and for these values of n the polynomial coefficients are
just constants. Also, in this case a bound on Re(u) is trivial since p will be
obtained from powers of AP and will be purely imaginary. From now on we
consider only the case where S is irrational.

Let x € R¥ be fixed and consider the PSE pZ(n). By Lemma 5.7, the poly-
nomial coefficients only depend on the distance to S and the bases appearing
satisfy (5.5). We continue as in the proof of Lemma 5.7, considering first the
case of a PSE of the form p¥(n) = p*(n)A\". Choose for t € R a sequence
n; € Z2 with f(n;) — exp(tM). Then the distance of n; to S converges as well;
for an appropriate rescaling of the metric the limit is ¢. Let p*(t) = p*(tmy).
By continuity of 1, from 1 (f(n)x) = p*(n)A® we get

PN — pA(6)¢M (t) = ¢ (exp(tM)x)

as i — oo. If p*(t) # 0 this determines ¢*(¢) uniquely. It is easy to see that
¢*: R — C is a homomorphism which is continuous since ¢ is. Thus in this
special case ¢* (t) = e as desired, showing that equation (5.4) holds. We also
see that |e#| is determined by the size of (log |A1],log |Az2|).

Now suppose that pZ(n) = 3", p2(n)A® with E containing more than one
point. For each \g in E we need to show there is some jo such that p*o(n;)\j
converges to p° (t)eHo! when f(n;) converges to exp(tM). To do this, fix \g € E
and consider another A € E (A\g # )). Choose some k € Z2 with Ak # \k, and
consider the function

which satisfies
O(f(n)x) = Ag apE(n) for n € Z%

This A ApZ(n) is a PSE which has a \¢ term of the same degree as pZ and
a A term, if present, of lower degree. By repeatedly making such substitutions
for all A in E, we eventually reach the simpler case above where only a Ay term
remains. We conclude that A\j? — e#°* whenever f(n;) — exp(tM). Since we
can do this for each \y € E, the proposition follows. |

LEMMA 5.8: Suppose that pf‘ (t) is a sequence of PSE-functions where the
degree ofpf‘ (t) and Re(p) for p € Fy are uniformly bounded. prf‘ (t) — q(t)
uniformly on compact sets as £ — oo, then q(t) is also a PSE-function ¢* (t).
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Proof: By choosing a subsequence we can assume that each of the PSE-
functions has degree d. Let s1,...,s4 € R. Listing the elements of F, with
multiplicities (according to the degrees) we have the elements M%, e ,ug € Fy.
Choosing a subsequence we can assume that elisi — el'si a5 § — oo for
i = 1,...,k. Note that A%%pfe — A, ,iq uniformly on compact sets as
{ — oco. This shows that

Ashul 0---0 Asd,ud (q) =0.

Now the lemma follows from Lemma 5.4. [ |

Next we use the above orbit closure statements to show smoothness for e-
bundle homomorphisms.

PROPOSITION 5.9: Suppose that K is either the e-bundle fQH or the Rj+1/kj.
In either case this is an e-bundle over the foliation K = K;,,. Suppose L is
another e-bundle over a foliation L of T%, for which 1 is an e-bundle map from
K to L. Let k and k" be the dimensions of the fibers of K and L, respectively.
Suppose that there is a dense set P of points in T% such that for p € P,

(5.6) d((p, exp(tM)x)) = (¢(p), px(t))

holds. Assume that in (5.6), M is an invertible k by k matrix (independent of p
and x) and pyx is a vector valued function whose components are PSE-functions
(depending on p and x). Suppose the degrees of the PSE-functions and the real
parts Re(u) of their exponents p € F, are uniformly bounded. Then Y is a
smooth e-bundle map.

In the proof we will make use of the following regularity theorem.

THEOREM 5.10 ([Rud91, Thm. 8.12]): Let  be an open set in R? and D an
elliptic linear partial differential operator of order k with constant coefficients.
Let u be a distribution on ) and Du = f with f locally in the Sobolev space
H#. Then u is locally H5T*.

Proof: The change-of-coordinate maps 952 for the e-bundle K are given by

OK ([a]) = [Opga] = [z +q — ],

where we identify p, ¢ with their lifts to R? and assume that ¢ —p € Kj+1. Also
note that in the case K = K j+1 the equivalence class of z is just x, while in the
case K = Rj+1/Kj the equivalence class of x is x + &;.
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Let ¢ € T be any point. We want to show that the restriction of 1 to the leaf
K (g) is smooth on a neighborhood of 0. Since the coordinate changes @{,f] can
map any point in the fiber to the zero-section (at the point p) this is sufficient.

—
s

§
\

Figure 5. Curves exp(tM)x foliate K (p) — {0}.

Note that for each p € P the curves exp(tM)x for x € K (p) (as in (5.6)) foliate
K(p) — {0} (Figure 5). We will show that we get a similar functional equation
to (5.6) for a limit point of a sequence p; C P — in particular, smoothness along
the curves holds also at the limit point. For a limit point ¢’ in the leaf K(q),
the map ©4y is defined and translates this foliation. By choosing % different
translations of this foliation, we can cover a neighborhood U of 0 in K(q) by
a full transverse set of foliations. Indeed, note first that the curve exp(tM)x
is tangent at ¢ = 0 to Mx. Then choose points q1,¢qs,...,q: € K(q) so that
@1 —4q,-..,q, — q are linearly independent in k;y1 respectively k;y1/k;. Since
M is invertible, we get that M(q1 — q), M (g2 — q), ..., M(qr — q) are linearly
independent. Therefore, the translated foliations for these k£ points give a full
transverse set of foliations near 0 € K(q). Also note that these foliations are
quite concrete foliations defined by the matrix M. We will show below that
1 is smooth along every leaf of every one of these foliations. These foliations
define a smooth local coordinate system on the neighborhood U C K (q) of 0,
say z1, ..., 2k are the coordinates, such that each of the foliations is the foliation
along the curves where only one coordinate changes. Therefore, for all integers

0> 0,
826 826

D= —_ +...40
023" 022

is an elliptic differential operator such that D(1/~)|U) is continuous. By Theorem
5.10 we see that 1[) € H? for all £. Since the intersection of these Sobolev spaces
is C'*° the proposition will follow.
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It remains to show that ¢ is smooth along a translate of the foliation given
by the curves exp(tM)x for z € K (p) with the derivatives being continuous on
K(p).

Fix some point ¢’ € K(q) and let (p;)$2, be a sequence of points in P which
converge to ¢’ as ¢ — oo. Furthermore, choose some ¢; € K(p;) such that
pi —q — ¢ —q for i — oco. By assumption the e-bundle structure of K
coincides with the linear structure of the torus. This means that the maps
y —y+p; —q; from k(pi) to f((ql) are the change-of-coordinate maps for the
e-bundle structure. The assumption that 1& is an e-bundle map is an assumption
that there are corresponding change-of-coordinate maps ©.g,)y(p,) for the e-
bundle F' with

X+ pi — @) = Ou(gup) © P(X)-
Thus ) )
Vg, (exp(tM)X + pi — ¢i) = Oy(g,)u(p) © Y(exp(tM)x)

= Oy (i) (p) (Px,i(t))-

As j — oo the left side converges to 1/;,] (exp(tM)x + ¢’ — q), which is precisely
ﬂq restricted to one of the curves in the translated foliation. By Proposition
3.7 the function e is continuous, which by Corollary 3.8 shows that Oy g, )p(p;)
converges to ©y4)y (). Note that py ;(t) depends on j in some uncontrolled
fashion. However, we know that px ;(t) converges uniformly on compact sets
to a function ¢x. By Lemma 5.8 it follows that gx is a vector valued function
whose components are PSE-functions. We get

Ya(exp(tM)x +q' — q) = Oy(g)p(q) (ax (1))

This shows smoothness. By using the chain rule and smoothness of ©,(¢)y(¢)
we see furthermore that all derivatives with respect to ¢ are continuous functions
of x. |

6. Proof of Theorem 1.1

We show first by induction that QE restricted to K ; is a linear e-bundle morphism.

6.1. START OF INDUCTION. The base case is Kj. Suppose p is periodic
under a. Pass to a sub-Z?2 action o under which p is fixed. Let 3, be the
corresponding subaction of 3. Note that by the construction of the filtration,
there is no shear in x¢ along the direction of OH. Therefore, «, restricted to the
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fibers of Ko acts isometrically along the critical direction &H. By Lemma 5.3,
the entries of B]‘; are PSE’s, so the conjugacy

Slapx) = By (9(x)),

when restricted to the fiber K (p), has on the right side a vector whose entries
are PSE’s. Thus Proposition 5.6 applies. This gives us

Y((p, exp(tM)x)) = (¥ (p), px(t)),

where px(t) are vectors-valued PSE-functions for each x. We can do this at an
arbitrary periodic point p, and periodic points for the action are dense. More-
over, since the action oy, is just the restriction of o to a finite index subgroup
of Z2, Proposition 5.6 also shows that M can be chosen independently of p. (In
the proof of this result M was found using the Lie algebra of the closure of the
group defined by «.) Finally, Proposition 5.9 applies giving smoothness of q~5 in
the fibers of K.

LEMMA 6.1: Assume «, 3 are as in Theorem 1.1. Let K and L be bundles over
T< such that a and 8 have natural linear extensions & on K and B on L. Assume
there is some n such that a™ and B“ are contracting in the fibers, have narrow
spectrum, and that the two spectra are close. Suppose ¥: K — L conjugates &
and B, preserves the zero section, and is smooth in the fibers. Then 1 is linear
in the fibers.

Proof: Let p € T¢ be a periodic point for o and assume n such that a™(p) = p.
(We might have to take a multiple of the n above.) Let (¢,0) = ¥(p,0). We
will show that v,: K(p) — L(q) is linear. Write a linear expansion for 1,:

Yp(v) = Av + r(v),

where the remainder term satisfies ||7(v)|| < c||v]|? for some constant c. The
conjugacy equation gives

Up(v) = B~ (a0) = B AG MY + 57 (@),

Note that for fixed 4, ||[3~™r(@™v)|| < ¢||v||? for some constant ¢ = ¢ (i) as
B‘i“ and &™ are just linear maps. Then by the uniqueness of linear expansions
for 1,, we must have r(v) = 8~"r(&™v).

Since we have assumed that o and § have narrow spectrum, the same holds
for the linear maps ay: K(p) — K(p) and Bg: L(q) — L(q). (Narrow spectrum
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is preserved under taking powers.) Therefore we can choose A larger than the
spectral radius of &;) and y larger than the spectral radius of Bq_“ with A2p < 1.
For i large enough ||| < u* and [|@™| < A*. Then

r(v) = (57" r(@m )| < eu'l|a™ol® < eu' X Jv]?,

which converges to 0 as ¢ goes to oo. Thus r(v) =0, i.e., ¢ is linear in the fiber
K (p). But since this holds at every periodic point p, 1 is linear on a dense set
of fibers. Then by continuity, in fact v is linear on every fiber. ]

This lemma applies to show that ¢ is in fact linear in the fibers of Ky, com-
pleting the base case of the induction.

6.2. INDUCTIVE STEP. There are two portions of the inductive step. The
first of these is to show that the conjugacy from the quotient bundle K i1/ K j
to Lj1/Lj is linear.

Note that by Lemma 4.1 the action induced by « on the linear space kj4+1/k;
has no shear along OH, since it is conjugated to the restriction of a to a sub-
space of kg. Therefore, the action & on K i1/ K ; also has no shear along OH.
This action is conjugated to the action induced by ( on l~/j+1 / ij, producing
a situation completely analogous to the base case of the induction. As before
we apply Proposition 5.6, Proposition 5.9, and Lemma 6.1 to conclude that the
conjugation is linear.

The more difficult portion is to show linearity for the shearing terms of gzNS
from K41 into K;. Let p be a periodic point for the o action, and pass to a
sub-Z? action «,, that fixes p. Let (3, be the corresponding subaction of 3 that
fixes ¢(p). We choose a basis of K;(p) and extend it to a basis of K;11(p). By
assumption we know that ¢: K;(p) — L;(p) is linear and by the above discussion
we know that the map induced by ¢ from Kj1(p)/K;(p) to Lj1(p)/L;(p) is
linear. Moreover, gzNS is bijective. Therefore, we can take the image of the chosen
basis of K1 (p) as the basis of L;1(p). (Of course we do not have any a priori
smoothness properties of this basis as a function of the base point p.)

We write x for the coordinates corresponding to the basis elements of K i(p)
and y for the remaining coordinates. Write d;p for the restriction of ¢ to K i+1(p).
Then

; (X fxy
(61) 5, (3) = (1),
y y
where the f(x,y) gives the coordinates corresponding to the basis of Ej (p). Let

@;:(0‘80 gﬁl) and B;;:(ﬁgo %ﬁ)

11
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be block matrices in the (;) coordinates. Note that by the construction &;; is
isometric along the critical direction OH.

LEMMA 6.2: The function f(x,y) is an affine function of x for a fixed y.

Proof: First note that fy(x) is smooth in x and, moreover, all derivatives with
respect to x are still continuous functions of x and y. The smoothness can
immediately be seen by writing

(fy(x)a Y) = Qg(pa (Xa y)) = ®¢(p)¢(q) © gf;(q, (Xv 0));

where ¢ = p + (0,y). Then ¢(q, (x,0)) € L;(¢(q)) depends linearly on x.
Composing with © ()4 (4) and applying the chain rule shows that the derivatives
of fy(x) are linear combinations of the partial derivatives of ©4p)s(q)- The
coefficients of this linear combination are the coefficients of the linear function
qg(q, (x,0)). Since ¢ is continuous, the claim follows.

Now fix a particular (x,y) and a contraction &®. We will show that the error
term to the linear approximation for fy(x) (based at xo = 0) is zero. Write the
linear approximation as

fy(x) = ao + bo(x) + ro(x),

where the remainder satisfies [|ro(x)|| < c|x||* for a fixed ¢ whenever (x,y)
belong to a compact set. This uniform estimate on the remainder follows from
the continuity of the derivatives observed above. We will make use of the linear
approximation for fziny(2) with base point aily, which we write as

fainy(2) = ai + bi(z — agty) + ri(z — agly).

Again there is the estimate ||r;(z — &i{ly)|| < c|lz — &fyl||?> whenever (x,y)
belong to the same compact set as above.
The conjugacy equation q} = Bp_ o q} o ayy gives us

()-(25)

)
<a1 + bi( 0400X + Tz(aoox)>
0411}’

By
<ﬂoo ai + ﬂo haly + B&f“bi(dé‘GX) + Bmf“ri(&@‘gx))
Yy

Note that the final expression gives a linear expansion for fy(x) at base point
xg = 0. Let p be larger than the spectral radius of B&)n and let A be larger than
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the spectral radius of B(‘)’O such that puA? < 1. This is possible by the assumption
of narrow spectrum in Theorem 1.1. By the above estimate on the remainder
terms, for large enough i we have

1550 ™ ri(G5%) | < ' llri(@pd)ll < en'llapnxll* < e’ X[l

By increasing ¢ the remainder term is arbitrarily small. By the uniqueness of
linear expansions, this implies that ro(x) = 0. ]

Now we can write

(6.2) f(x,y) = aly) + b(y)x.

Calculate that

$oa” <X> _ (a(&‘ﬁ}’) + b(a™y) (a8x + &31y)>
TV - aty i ’

B“ o QNS<X> _ (6610(04()’) +~b(y)x) + 6611)’)

' Y By ’

and since these are equal, we get a functional equation

a(alyy) + b(aT1y)(agex + agry) = BS‘O(“(Y) +b(y)x) + 6(1)11}”
Equivalently,
(6.3) a(alyy) :Bgo(a(Y) + B&)“B(‘)’ly - 5&)“1)(54{‘1Y)5431Y)
+ (Bo0b(y)x — b(aTy)afox).

Consider what happens when y is held constant while x varies. There is no
dependence on x on the left hand side of (6.3), whereas on the right hand side
the dependence on x is linear. Thus in fact the last term of equation (6.3)
vanishes and we obtain

(6.4) b(aty) = Boob(y)dog -
Further substituting (6.4) into (6.3) we obtain
(6.5) a(afyy) = By (aly) + Foo" 5y — b(¥)dgn Gthy)-

In each of the equations (6.4) and (6.5), Lemma 5.3 applies to show the terms
oo, o1, 11, 500, and 501 are polynomial sums of exponentials. Thus the right
hand side of both (6.4) and (6.5) consists of a vector whose entries are PSE’s
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which depend on x or y, respectively. In both cases Proposition 5.6 applies,

giving

(6.6) a(exp(tM)y) = py(t)
and

(6.7) bexp(tM)y) = gy (t)

for some matrix M, vector-valued PSE-function p, and matrix-valued PSE-
function gx. Again we can choose the matrix M not to depend on the periodic
point p, and to be the same matrix in these two equations.

Going back to equations (6.1) and (6.2) and using (6.6) and (6.7), we get

i, (expg JI\%X) _ (a(eXp(tM)y) + e'bexp(tM )y)x)
e _ (py(t) +etqy(t)xy))_
Py (t)

Note that the right hand side is a vector-valued PSE-function, while the ar-
gument of ¢, is the matrix exp(tN) with N being the block diagonal matrix
diag(Id, M).

Note that for the proof of the above we made use of a particular basis of
l~/j+1(p) and that a priori we do not know the regularity of the choice of this
basis depending on p. However, the mere existence of a matrix N and a vector-

valued PSE-function 7,(-) with

op(exp(tN)v) = 7y (2)

is independent of the particular basis of ij+1 (p). Thus Proposition 5.9 applies,
yielding smoothness of ¢ on the fibers of K j+1. Again Lemma 6.1 shows this
restriction gz~5 is in fact linear. This concludes the induction; it follows that q~5 is
a linear e-bundle isomorphism between ‘77; and Wﬁ .

6.3. SMOOTHNESS OF ¢. The result of the preceding induction is that for a
given half-space H, the map ¢ is, in suitable coordinates on the fibers of the
e-bundles, a linear map from ‘77; to Wﬁ . The map qg from a fiber of f/?; to a
fiber of Wﬁ is locally identified by its definition with ¢ from a leaf of V}; to
a leaf of W;;. So we obtain that ¢ is C* smooth along the leaves of V,; and,
furthermore, the first derivative of ¢ restricted to a leaf of V; is a full rank
linear map.
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The coarse Lyapunov foliations V;; are a family of transverse, linear foliations
of the torus. Let z1,zo,..., 24 be a family of coordinates subordinate to these
foliations. For each positive integer N, the elliptic operator

82N 82N
a3 T iy

applied to ¢ results in a continuous function, as all derivatives are taken along
directions where ¢ is smooth. Using Theorem 5.10 we obtain ¢ is in the Sobolev
space H?YN for each N. The intersection of these Sobolev spaces is the space of
C*® functions. Thus ¢ is C*° smooth. Since it moreover has derivatives of full
rank, the inverse of ¢ is also smooth. This finishes the proof of Theorem 1.1.

7. Remarks on possible extensions

There are several directions in which it may be possible to push these results.

Throughout this paper we have worked with C* actions. All of our methods,
however, have counterparts in the C” category. The coarse Lyapunov foliation
exists as long as stable and unstable manifolds do. The normal forms theory
in finite differentiability is given in [Guy02]. The orbit closure arguments and
inductive proof of smoothness of ¢ on a coarse Lyapunov leaf proceed in the
normal form coordinates, and so are applicable with a result which is as smooth
as the coordinate change map. The elliptic operator argument for deducing
regularity for ¢ gives C'* smoothness in the adapted coordinates, just as in the
proof above, so there is no further loss of regularity.

The narrow spectrum assumption is more troublesome, but might still be
eliminated by the same approach as in this paper but using a stronger set of
technical tools. The main use of this assumption is to ensure that the normal
forms are linear, and thus furthermore the entire set of structures we work with
are linear. Without this assumption, the normal form coordinates may only
bring the maps of the action into a polynomial form. One can still produce the
filtration as we do, but instead of linear structures one must deal with algebraic
varieties. So far the increased technical difficulties have prevented us from car-
rying out this approach. If these difficulties could be surmounted, the method
would almost certainly work for actions on infra-nilmanifolds as well, where the
resonances which force a polynomial normal form are an unavoidable result of
the nilmanifold structure. As no other methods currently exist to demonstrate
differential rigidity with non-semisimple actions on infra-nilmanifolds, this is a
promising direction for further development.
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